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Abstract—This paper studies the balancing of simple planar bipedal
robot models in dynamic, unstable environments like seesawongoboard
and board on a curved floor. This paper derives output feedbac (a) ) ©
controllers that successfully stabilize seesaw, bongobwmband curved
floor models using only global robot information and without any direct ~ Fig. 1: Balancing in different dynamic, unstable environmer{is)
feedback of the dynamic environment, and hence demonstragethat direct ~ Seesaw, {) Bongoboard, andcf Board on a curved floor.
feedback of environment information is not essential for sacessfully
stabilizing the models considered in this paper. This paperpresents
an optimization to derive stabilizing output feedback contollers that ., \siness and performance of the derived controllers with similarly
are robust to disturbances on the board. It analyzes the robstness of .
the derived output feedback controllers to disturbances ad parameter ~ derived robust LQR controllers (see Sec. V).
uncertainties, and compares their performance with similaly derived

robust linear quadratic regulator (LQR) controllers. This p aper also 11. BACKGROUND: STATIC OUTPUT FEEDBACK CONTROL
presents nonlinear simulation results of the output feedbek controllers’ . .
successful stabilization of bongoboard, seesaw and curvdidor models. A detailed survey of static output feedback control [16], [17]

can be found in [18]. This section briefly describes the convergent
iterative algorithm in [19] used in this paper for designing static
[. INTRODUCTION output feedback controllers, and more details can be found in [19].

Balancing and postural stabilization is one of the most widely Consider a continuous time-invariant linear system
researched topics in bipedal robotics [1], [2], [3]. Unlike balancing i = Az+ Bu,
in the sagittal (frontal) plane, where bipedal robots can exploit their
legs’ passive dynamics [4], [5], significant active control is edaén Y Cz, @)
to stabilize their motions in the coronal (lateral) plane [6]. Severglherex € R™*! is the state vecton, € R™*! is the control input
balancing control strategies for stabilizing the unstable dynamics wctor, andy € R?*! is the output vector witlp < n and rank()
3D passive dynamic walkers in their coronal planes were presenteg. Without any loss of generality, the equilibrium state is given by
in [7]. The balance recovery strategies of humans balancing @n= 0. The goal of static output feedback control is to find a time-
slacklines were studied in [8]. In [9], humans balancing on tightrop@svariant output feedback gain matrk € R™*? such that, = —F'y
and slacklines were modeled as cart-poles balancing on circudgbilizes the system in Eq. 1.
tracks, and several balancing controllers for these simplified modelsGiven an output feedback gain matrix € R™*?, its resulting
were derived. state feedback gain matrix is given bif = FC € R™*™.
Momentum based control strategies that successfully stabiliagernatively, given a state feedback gain matfix € R™*™ that
humanoid robots on non-level, rocking floors were presented in [1@}abilizes the system in Eq. 1, the corresponding output feedback
[11]. They directly determined center of pressure and ground reacti@ontroller can be derived as
forces at each support foot to achieve the desired momenta. They, 4
however, did not deal with unstable environments like seesaw or F=KC', @
bongoboard. Controllers that enable planar bipedal robots to walk @RereCt € R™*? is the Moore-Penrose pseudoinverse of the output
a rolling cylinder were presented in [12], [13]. Approximate valugnatrix C' € R?*". It is important to note that not all stabilizing state

function based control approaches to stabilize humanoid robots f@adback gaings result in stabilizing output feedback gaifisgiven
bongoboards were presented in [14], while adaptive policy-mixing, gq. 2.

control strategies for stabilizing humanoid robots on a seesaw werey stabilizing output feedback gain matri€ in Eq. 2 results

presented in [15]. However, all these approaches used the envirpn-a stable closed-loop systed — BFC. The singular value

ment information directly for feedback control. decomposition of the output matri€' gives C = USVT, where
This paper studies the balancing of simple planar bipedal robgte RP*™ is a rectangular diagonal matrix containing the singular

models, modeled as four-bar linkages, in dynamic, unstable envirqgdues of C, and U € RP*?, V € R™ ™ are unitary matrices,

ments like seesaw, bongoboard and board on a curved floor as shewn 7y = yu? = I, and VTV = vv7T = I,. Moreover,

in Fig. 1. This paper derives output feedback controllers that ssecey — [ Vi Va ] whereV; € R™*? and V, € R™*("~P)_ Using

fully stabilize the seesaw, bongoboard and curved floor models usifigs, one gets

only global robot information and without any direct feedback of the

dynamic environment, and hence demonstrates that direct feedback o A-BFC = A-BKC'C

environment information is not essential for successfully stabilizing = A-BKVS'UTusv”

the models considered in this paper (see Sec. IV). This paper also = v(vTAv —VvTBKVSIS)VT

presents an optimization to derive output feedback controllers that o . I 0 -
maximize their robustness to disturbances, and analyzes and the = V<A—B[ K1 K } { 6) 0 })V7 3)
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The static output feedback stabilization problem can now heser. The algorithm solves the algebraic Riccati equation in Eq. 6
formulated as the following constrained optimization problem db get the initial stabilizing state feedback gdify (Step 3) for the

finding a state feedback gaiii: system in Eqg. 1. At every iteratiof) the algorithm solves Lyapunov
oo equations in Eq. 89, and uses Eq. 10 (Step 7) to update the state
minimize E[/ (2" Qz +u" Ru)dt|, feedback gain such thak;1, in Eq. 11 stabilizes the system in
0

) (4 Eaq.1 andK;;1Vo — 0 asi — oo. The algorithm iterates until
subject to K'V2 = 0, [|[Ki+1Va|| < € (Step 5), and the norm can be eithBs-norm or

Q>0, R>0, Frobenius norm. Intuitively, at each iteratioanAlgorithm 1 finds a
state feedback gaift’; that stabilizes the system in Eq. 1, and as
e it asymptotically tends to impose the constraint?6fl, = 0 so
that the corresponding output feedback gAjnfrom Eq. 2 stabilizes
the system in Eq. 1.

where, E[-] is the expected value, = —Kz, and@Q € R"*™ and
R € R™*™ are positive-semidefinite and positive-definite matric
respectively. The optimal stabilizing state feedback dgdisatisfying

the constraint Vo, = 0 will result in an optimal stabilizing output For all results presented in this paper, the Frobenius norm is

fe?l'dhl;a(c:)kt?nilirzf;tigc;\rﬁenrgglelzn?iﬁ.E 4 is similar to that of a Lineaysed ande is chosen to bel0™®. The proof of convergence of
p P a- Algorithm 1 and the bounds op; that guarantee the stability of

Quadrapc (_3au55|an .(LQG) optlma_l cont_rol [20] problem, Wh'(?h 'the closed loop system (Step 8) can be found in [19]. However, in
a combination of a Linear Quadratic Estimator (LQE) and a Llne%rur implementation, the parametéy in Step 8 starts with a value of
Quadratic Regulator (LQR). However in contrast to LQG, Eq. 4 is P ' P P

. L ) - Glfl for each iteration, and is reduced by factors of 10 if the resulting
constrained optimization problem with constraints on the structure Absed-loop svstem is unstable. This is computationally cheap and
the state feedback gaiR. A problem formulation similar to that of b sy : P Y P

) . Il Algorithm 1 nverge f r.
LQG is chosen because the system in Eq. 1 has fewer outputs tﬁa%ws gorit to converge faste

the states, and hence a state estimator is essential for implementing

C o I1l. DYNAMIC ROBOT MODEL
full state feedback control. In order to solve Eg. 4, an initial posteriori ¢ ROBOTMODELS

estimate of the error covariance is required and it is given by Sincg the tasks of interest !n this work are predomingntlx lateral
. balancing tasks, the planar bipedal robot model used in this paper
X = E[z(0)z(0)"] > 0, (5) s limited to the coronal plane of a bipedal robot and is modeled

as a four-bar linkage with two position constraints and one angular
onstraint at the pelvis. This robot model has one degree of freedom
OF) and four actuators corresponding to ankle and hip joints.

where E[-] is the expected value and € R™*" is a symmetric,
positive definite matrix. More details on the LQG problem and it
solution can be found in [20].

Algorithm 1 presents the iterative convergent algorithm described
in [19] that solves the constrained optimization problem in Eq. 4\ Bongoboard Model
The matricesQ, R in Eq. 4 andX in Eq. 5 are defined by the The bongoboard is modeled as a rigid rectangular board with
rolling contact on top of a rigid cylindrical wheel. The board is
assumed to have negligible thickness. The bongoboard model is

Algorithm 1: Output Feedback Control Design derived with the following assumptions) the robot's feet are rigidly
input : Linear State Space MatricsA, B, C'} attached to the board and cannot slide or lose contagtthere is
User-defined Matriceg), R, X no slip between the wheel and the board, or the wheel and the floor.
output : Output Feedback Control Gaif For all simulation results presented in this work, the event of the

function: F = OutputFeedbaclk{, B, C, Q, R, X)
1 begin
2 Do singular value decomposition 6 and obtainVs
U, S, V] = svd(C)

board hitting the floor is ignored. The overall bongoboard model has
3-DOF, one for the planar bipedal robot and two for the bongoboard.
The bongoboard model represents a parallel system rigidly attached

_ Ul . at its feet and constrained at its pelvis. The left and right legs are
e=viptlin individually modeled as two links (link-1 and link-2) that are rigid|
3 Solve algebraic Riccati equation fo¥ and obtain the initial individually modeled as two m S (link- - and link-2) tha gre ngl y
stabilizing state feedback gaiio attached to. the board at thelr respectlve fget, and thglr end-points
ATN + NA— NBR-'BTN +Q =0 ©) are constrained at the pelvis with two position constraints and one
Ko= BTN )
4 1 =0
5 | while ||K;Va|| > e do
6 To getY; and P;, solve the following Lyapunov equations
(A— BE;)Yi +Yi(A- BK;))" + X =0 ®)
(A—-BK;)"Pi+ Pi(A— BK;) + K] RK; + Q=0 (9)
7 Get the gain increment
K/ =R 'BTP|I - Vo (VY —'va) 'vfy ! (10)
8 Update the gain
Kit1 = K; + Bi(K, — K;), (11)
such thats; > 0 and A — BK, ;1 is stable
9 i=i+1
w | end Fig. 2: Bongoboard dynamic modela)( With its configurati d
n Get the output feedback gaifl = K,CT (Eq. 2) ig. 2: Bongoboar ynarr.uc mode a_)( fith its configurations an
12 end system parameters marked; amjl \\Vith its five outputs used for output

feedback control marked.




TABLE I: Nominal System Parameters for the Bongoboard Model where My (¢) is known as the operational space inertia matrix [21],

and ¥T# is the generalized inverse @f” weighted byA/ .

\lj\z::gegznsity Sy;:?ol \2/gl)uekgm*3 Combining Eq. 14 and Eg. 15, can be written as

Wheel Radius Tw 0.1m

Wheel Mass my, | 6.28Kg i = M7'(q)|Nu(q)srT —clg,9) —g(q) — h(g,4) |,
Wheel Moment of Inertia L, 0.035 kgm?

Board Mass mp 2 kg = ®(q,q,7), (20)
Board Moment of Inertia Iy 0.1067 kgm?

Board Length T 0.8m where,

Link-1 Mass mi 15 kg T T4

Link-1 Moment of Inertia I 1 kgm? Nu(q) = Ie—=V (9)¥ 7(q), (21)
Link-1 Length A im ; — T ;

T R e 115G (g, q) U (q) (g, 9) +1(a)), (22)
Link-2 Half Moment of Inertia | I, 2 kgm? where Is € R%*% is the identity matrix. The above derivation
Link-2 Half Length la 0.1m (Eqg. 12-22) is similar to the one presented in [22].

The linear state space matrices corresponding to the state vector
z=[q¢",¢"]" e R***! are:
angular constraint. Figure & shows the bongoboard model along

with its configurations, and the nominal system parameters are listed 4 _ [ M?gxqﬁﬂ M)éaq . } € R12X12.

in Table I. The configuration vector of the bongoboard model is 9q g 2=0,7=0

given by ¢ = [aw,as,8},07,605,05]7 € R, wherea, is the Ooxs

configuration of the wheel/cylindery, is the configuration of the B = { aqu(q,xq,f) } e R (23)

board relative to the wheel)!, 0 are the link-1 configurations of or @=0,7=0

the left and right legs respectively relative to the board, éhd’ The constraints in Eg. 13 reduce the degrees of freedom of the

are the link-2 configurations of the left and right legs respectivelyystem and hence make the péit, B) in Eq. 23 not controllable.

relative to their first links. Given an output matrixC' € RP*'2 where rank() = p, the
The equations of motion are derived using Euler-Lagrange equaate space realizatioiA, B, C} can be converted into its mini-

tions and can be written in matrix form as follows: mal (controllable and observable) realizati¢A,,, By, Cr, } using

M@+ ela.d) +ola) = ST+ @A 42 o R s et

where M (q) € R®*C is the mass/inertia matrix;(q, ) € R®** is T exs

the vector of Coriolis and centrifugal forceg(q) € R%*! is the Am = UnAUny €RT,

vector of gravitational forcess, = [ Oux2 14 | € R**® is the Bm = UmnBeR™,

input coupling matrix,[; € R*** is the identity matrix; € R**! is Cm = CUL eRP*S, (24)

the vector of actuator inputsf(q) € R**¢ is the constraint matrix,

not presented here. The constraints givenlty)¢ = 0 ¢ R>*! are Six states, wherein six states corresponding to the three (two position
differentiated to get and one rotational) constraints in Eq. 13 have been removed.

U(q)i + Vg, 4)g =0 € R, (13)
B. Seesaw and Curved Floor Models
In Eq. 12, X € R3*1L represents the vector of constraint forces )
at the pelvis corresponding to the two position constraints and oneThe model of the planar blpedal_rob_ot on a seesaw and on a board
dop of a curved floor as shown in Fig.b)£(c) have only 2-DOF,

angular constraint, and does not represent the contact forces at i
feet. In this model, the contact forces at the feet are ignored si e each for the planar bipedal robot and the board. Therefore, the

the feet are assumed to be rigidly fixed to the board. For an actffdfimal system has only four states. These models can be derived

bipedal robot, this can be achieved by strapping the robot to the boﬁ?@'”ar to the boqgoboa_wd quel presented in Sec. IlI-A, wherein the
like in a snowboard. wheel configurationvy,, is omitted. However, for the seesaw model,

Since the massfinertia matridf(q) is always a symmetric, the board is attached to the floor at its center via a hinge joint,

positive-definite matrix, it is always invertible. Therefore, fronyvheregs_., for the c_urved floor _model, the board has a rolling contact
Eq. 12 on a rigid semicylinder. Just like the bongoboard model, both these

models assume that the robot’s feet are rigidly attached to the board,
G=M"(q)(sEm—c(q,4) — g(q)) + M~ " (¢)¥(¢)" X\.  (14) and hence do not slide or lose contact.

Solving for A from Eqg. 13 and Eq. 14,
T, \ T ) IV. BALANCING WITHOUT DIRECT FEEDBACK OF ENVIRONMENT
A= U7 (q)s. T — plq,q) — n(q), (15) INFORMATION

where, This section demonstrates that direct feedback of environment
- (WM ()T (g)T) ", (16) information is not essential for successfully stabilizing bongoboard,
1 seesaw and curved floor models presented in Sec. Ill. The environ-
(@)¥(a)M ™ (a), 17 ment information for the bongoboard model consist of the wheel
= Mu(q) (q,(% Qg — W) M (q)c(q, q)>’ (18) anglea,, and the board angle, relative to the wheel, while that for
the seesaw and curved floor models consists of only the board angle
(@ (@)M " (9)g(q), 19) .



A. Bongoboard Model 120 —5 outputs 9% —Seesaw
Algorithm 1 requires the number of outputs to be fewer than the¢ g, —4 outputs & 60 —Curved Floor
number of states,e., p < n, and the output matrix’ € R”*™ must § — 3 outputs §
be of full row rank,i.e., rank(C) = p. Therefore, for the bongoboard < ,, X 30
model with six minimal states, one can pick a maximum of five — -
outputs. Here, the output vectgre R>*! is chosen as 0 0
) T 10! 102 10! 102
y= [ Ty Ip O 01 oy ] ) (25) Iterations Iterations
where z,,,#, are the global position and velocity of the pelvis (a) ()

respectively,d7, 61 are the angle and angular velocity of the rightsig. 3: Semi-logarithmic plots of the Frobenius norid Vx| con-

link-1 respectively, andx, is the global foot angle as shown inverging to zero producing stabilizing output feedback aalférs using

Fig. 20). Algorithm 1: (@) Bongoboard model with different number of outputs,
The global foot anglen; and global position and velocity of and ¢) Seesaw and curved floor models with three outputs.

the pelvis §,,4,) can be estimated using an inertial measurement

unit [24], [25] at the pelvis. It is important to note that these outputs

can be measured or estimated without using direct measurement§e§Pective models. However, it is actually possible to design a single
the environmentj.e., wheel anglea,, and board angley, relative output feedback controller that can stabilize all the three models

to the wheel. The corresponding output matfixe R>*'2 can be with the same outputs, and a detailed description of such a control

used in Eq. 24 to derive the minimal systeff,,, B, Ci, } with design is presented in [26]. In this paper, we restrict our study to
C,, € R5%6, demonstrating that dynamic, unstable systems like the bongoboard,

If there exists a set of), R (Eq. 4) andX (Eq. 5) matrices for S€€saw and curved floor models in Fig. 1 can be stabilized without

which Algorithm 1 finds a stabilizing output feedback controller fofirect feedback of environment information.

the minimal bongoboard model with the five outputs in Eq. 25 that
do not directly use the environment information, then this shows V. ROBUSTOUTPUT FEEDBACK CONTROL DESIGN
that direct feedback of environment information is not essential for Section IV demonstrated that Algorithm 1 can be used to derive
stabilizing the bongoboard model in Sec. IlI-A. output feedback controllers that successfully stabilize the bongob-
In fact, with identity matrices chosen fd® and X, there exists oard, seesaw and curved floor models without direct feedback of
a large family of@ matrices for which stabilizing output feedbackenvironment information. Since disturbance rejection is a key fea-
controllers can be derived for the bongoboard model in Sec. lll-Aure of any stabilizing controller, this section focuses on deriving
Section V presents an algorithm that findsGamatrix such that stabilizing output feedback controllers that are robust to disturbances
the resulting closed-loop system with output feedback is robush the board. The presented approach, however, is not limited to
to disturbances. For one suaB matrix, Fig. 3@) shows semi- disturbances on the board and can include other disturbances as well.
logarithmic plots of the Frobenius norfh/V2||» with increasing Given the user defined matriceé3, R (Eg. 4) andX (Eq. 5),
iterations of Algorithm 1 for the bongoboard model with five, fouralgorithm 1 derives a stabilizing output feedback controller. For all
and three outputs. Figureg(demonstrates that the first three outputsesults presented in this paper, the matriddsX are chosen to
in Eq. 25,i.e., [zp, p, 7], are sufficient to design stabilizing outputbe identity matrices. Therefore, in this case, the only free, tunable

feedback controllers for the bongoboard model. parameter in Algorithm 1 is the state gain matdx € R™*".
This section formulates the robust output feedback controller design
B. Seesaw and Curved Floor Models problem as a problem of finding th@ matrix in Eq. 4 such that

the resulting closed loop system with output feedback is robust to

Since both seesaw and curved floor models have four mini"mgturbances on the board
states, one can use a maximum of three outputs for the output

feedback control design. Here, the output vegter R3** is chosen )
as A. Disturbance H. norm
y=1[ a2 dp 0f ]T, (26) Given the system{ A, B,C} in Eq. 1 and a stabilizing output
feedback gainF € R™*?, the linear state space matrices of the

where x,, 4, are the global position and velocity of the pelvisyogeq 1oop system used for disturbance rejection analysis are:
respectively, and7 is the right link-1 angle as shown in Fig.(

These three outputs match the first three outputs in Eg. 25, and A = A-BFCeR"",

are not obtained using any direct measurement of the environment, Bl _ 0 c R

i.e., board anglev,. Figure 3p) shows semi-logarithmic plots of the o M~ (q)Ny(q)sT =0 ’
Frobenius normi| K'Vz||r with increasing iterations of Algorithm 1 c? = TeRr™™ @7)

for seesaw and curved floor models.
Figure 3 shows that the three outputs in Eq. 26 that do not includéiere ¢ is the vector of generalized coordinatedf(q) is the
direct environment information are sufficient to successfully stabilizeass/inertia matrix)Vw (¢) is of the form shown in Eq. 21, ang; is
the bongoboard, seesaw and curved floor models considered in this disturbance transfer matrix, and is similar to the input coupling
paper. This shows that direct feedback of environment informationatrix s, in Eq. 12. The disturbance torque on the board is the input
is not essential for balancing in dynamic, unstable environmentsthe system in Eq. 27, and all states are chosen as the outputs. Just
considered in this paper. like in Eq. 20,sX maps the input (disturbance torque on the board) to
It is to be noted that although the output feedback controllers withvector of generalized forces, and ! (¢) No (q) maps the resulting
three outputs (Eq. 26) derived in this paper for the bongoboangtctor of generalized forces to a vector of generalized accelerations.
seesaw and curved floor models feedback the same outputs, $irece we are interested only in disturbances on the board, the distur-
controllers are different from each other and are derived using thbince transfer matrix is chosen to ke = [0,1,0,0,0,0] € R'*S



for the bongoboard model ang, = [1,0,0,0,0] € R"*% for the TABLE II: Disturbance Rejection: LQR vs Output Feedback (QFC
seesaw and curved floor models.

Using the minimal realization{ A%, , B;in,. Cc1 of the system System Control Design f'Sturba&(;i.R;J;Etr'ggnce
{A4 B, C?} in Eq. 27, the transfer functioa from the distur- 1G%ll | “Torque for 0.1 s
bance on the board to all states can be written in matrix form as: LOR 0.6313 109.8 Nm

d d OFC (5 outputs)| 0.6783 87.2 Nm
G* = { é&” BO'" ] . (28) Bongoboard 5= §4 outgutsg 3.4963 57.4 Nm
m OFC (3 outputs)| 3.5649 54.5 Nm

The norm||G?|| represents the sensitivity of all states of the [ geegaw LOR 0.3802 73.8 Nm
system to the disturbance on the board. Lower the norm, lower is the OFC (3 outputs)| 0.4748 60.7 Nm
sensitivity and more robust is the output feedback controller to the curved Floor | EQR 0.1503 146.7 Nm
disturbances on the board. Hence, it is desirable to refGe| . OFC (3 outputs)] 02109 194.8 Nm
to design robust output feedback controllers.

B. Optimizing Robust Output Feedback Controllers bongoboard models are simulated in MATLAB using odel5s, and

In this work, the matrixQ € R'2%2 for the bongoboard model the act_ua_tor torques are Iolmlted H?QOO Nm. Moreover, the Jo_ln_t

. . . . - .~ angle limits are set tat50°. The simulation stops when the joint
in Sec. Ill-A is chosen to be a diagonal matrix, with equal welghtgn les hit their limits. and it is considered as a failure
for the configurations of the left and right legs. Therefore, the matrix 9 ' '

Q € R'?*!2 for the bongoboard model is parameterized by eight
parameters as follows: A. Robustness to Disturbances on the Board
(29) The disturbance rejection results of the robust LQR and output
feedback controllers with different number of outputs derived using
and the matrixQ,, € R°*® corresponding to the minimal systemthe optimization in Eq. 30 are presented in Table Il. The listed
{Am,Bm,Cn} in Eq. 24 is obtained a&),, = UnQU,,. The disturbanceH, norms are calculated using Eq. 28 of the linearized
matrix @ € R'**'? for the seesaw and curved floor models are alssystem, whereas the maximum disturbance torques on the board for
parametrized similarly. As mentioned earlier, the other user-defined. s that the controllers can successfully reject are obtained from
matrices R,, and X,, corresponding to the minimal system areonlinear simulations of the different models.
chosen to be identity matrices. For a giv@n,, the output feedback  Table Il shows that the robust LQR controllers result in a smaller
control gainF’ for the minimal system is obtained using Algorithm 1.||Gd||oo and successfully reject larger disturbances than the robust
The robust output feedback control design is formulated as an omistput feedback controllers. It is important to note that the robust
mization problem of finding the parameteis; } of Q in Eq. 29 such LQR controllers were also derived using an optimization similar
that the resulting stabilizing output feedback controller minimizes the the one used for deriving the robust output feedback controllers
disturbancef{., norm of its closed loop system in Eq. 28 as follows{Eq. 30). In addition to being optimized for robustness to disturbances
on the board, the robust LQR controllers have full state feedback and
hence, perform better than the robust output feedback controllérs tha
where, w is an user-defined weighty = FC, F is the output US€ fewer outputs than states. However, Table Il also shows that the
feedback gain derived using Algorithm 1, aé’ is the transfer best performing robust output feedback controller is able to reject
function from the disturbance torque on the board to the outputs &pout 80% of the disturbance torque that the best performing robust
the closed loop system shown in Eq. 28. The t¢[R||~ is used as

. T
Q = dzag([ahag,ag,a37a4,a4,a5,a6,a7,a7,a8,a8] )7

minimize J = |G o + ]| K| (30)

a regularizer to avoid high gain controllers that produce large torqu 0 ZE?,?E[? 20 :Ei%ifclj
outputs. This can also be achieved by usidgj |- instead of|| K || oo o % o
For all results presented in this paper, the weights chosen o o 0
to be 1075, and the optimization is performed using the Nelder2 2
Mead simplex method [27], which solves the optimization in Eq. 3 —25 < -2
using only functional evaluations. The Nelder-Mead simplex methor  —50 ! —50
is chosen because the objective functibin Eq. 30 has no closed- 0 3 6 0 20 40
form representation in terms of the parametgrs} of @ in Eq. 29, Time (s) Time (s)
and hence its Jacobians and Hessians cannot be computed for use (al) (b1)
with other gradient-based algorithms. 120 —Ankle 200 —Ankle
g 60 —Hip g 100 —Hip
VI. ROBUSTNESSANALYSIS AND SIMULATION RESULTS % 0 % 0
This section analyzes the robustness of the robust output feedbe& g
controllers derived in Sec. V, and presents simulation results the —60 L—100
validate their robustness and performance in stabilizing the nonline —120 —200
dynamics of bongoboard, seesaw and curved floor models. Mareov 0 3 6 0 20 40
this section compares the robustness of the robust output feedbéun Time (s) Time (s)
controllers to disturbances and modeling uncertainties with that (a3) (b3)
of similarly derived robust linear quadratic regulators (LQR). The (a) Seesaw (b) Board on a Curved Floor

(@ matrices for the LQR controllers with full state feedback are
obtained using an optimization similar to Eq. 30, and hence tiég. 4: Output feedback controllers’ successful efforts in $idhg
LQR controllers are also robust to disturbances on the board. T$fesaw and curved floor models with three outputs when subjested t
constrained nonlinear dynamics of the seesaw, curved floor dh§ following disturbances for 0.1 s2)(60.7 Nm, and #) 194.8 Nm.
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Fig. 5: Output feedback controllers’ successful efforts in $itabg bongoboard models when subjected to the following dahisturbances for 0.1
S: (@) 87.2 Nm, 6) 57.4 Nm, and ) 54.5 Nm.

LQR controller can reject for both bongoboard and seesaw modelaried quadratically and quartically respectively with the wheel radius
whereas, for the curved floor model, the robust output feedback, whereas both the values are varied linearly with the wheel density
controller outperforms the robust LQR controller by rejecting a much,,. The lower and upper bounds of the stabilizable parameter range
larger (133%) disturbance torque on the board. This demonstrates calculated using a bisection algorithm that uses the linearized
that the output feedback controllers with no direct feedback aofodels. Among the values listed in Table Ill, a stabilizable range
environment information can have comparable disturbance rejectiaritten as (0,-] refers to a range whose lower bound<s 10,
performance with that of the LQR controllers with full state feedbaclkand similarly, a stabilizable range written asdo) refers to a range
Figures 4¢) and 46) present the board and link-1 angle trajecwhose upper bound is 10°.
tories, and also the ankle and hip torque trajectories resulting fromFor the bongoboard model, it can be seen that the robust output
the successful stabilization of the seesaw and curved floor modfgedback controller with five outputs outperforms the robust LQR
respectively using the robust output feedback controllers deriveddantroller in all environment parameters except in the moment of
Sec. V with three outputs. Similarly, the trajectories of the whedtertia (MOI) of the board. Particularly, the robust output feedback
position, global board angle, link-1 angle, ankle torque and higontroller with five outputs is significantly more robust to the wheel
torque for the bongoboard model stabilized by robust output fe&dbggarameters than the robust LQR controller. The robust output feed-
controllers derived in Sec. V with different number of outputs arkack controller for the seesaw model matches the performance of the
shown in Fig. 5. The results presented in Fig-54correspond to the robust LQR controller, whereas, for the curved floor model, thesbbu
simulations wherein the seesaw, curved floor and bongoboard modeBR controller outperforms the robust output feedback controller.
are subjected to the maximum disturbance torques listed in Table IlAlthough Table llI lists the stabilizable parameter ranges for the
for 0.1 s. In this work, the robot model is redundantly actuated, amdbust output feedback controllers derived in Sec. V, it is interesting
hence the hip and ankle torque trajectories are equal and oppositéotmote that the output feedback controllers, in general, have better
each other. The companion video visualizes the planar bipedal robaibustness to modeling uncertainties than LQR controllers with full

achieving the motions shown in Fig—%. state feedback. Particularly, their robustness to uncertainties in the
environment parameters is significantly better than that of LQR
B. Robustness to Modeling Uncertainties controllers with full state feedback.
Table Il presents the range of parameter uncertainties in the
environment;.e., wheel and board, that the different controllers can VIl. CONCLUSIONS

handle. For each parameter except the wheel radjusind wheel This paper derived output feedback controllers that successfully
density p,,, while the parameter is varied, the other environmerstabilize seesaw, bongoboard and curved floor models using only
parameters are maintained at their nominal values. Assumingglabal robot information and without any direct feedback of the

constant density wheel, the mass, and moment of inertid,, are dynamic environment, and hence demonstrated that direct feedback o



TABLE lIl: Range of Stabilizable Environment Parameters: LQ&RQutput Feedback Control (OFC)

Stabilizable Parameter Range

System Eg‘gf?g;?m Symbol Unit N32|1lljneal LOR Output Feedback Control (OFC)
5 outputs | 4 outputs | 3 outputs
Wheel Radius Tw m 0.1 [0.0836, 0.1039] | [0.0005, 0.4038]| [0.0624, 0.4022]| [0.0616, 9.2255]
Wheel Density Pw kg:m~3 200 (0, 8989.7827] (0, o0) (0, 966.7624] (0, 993.4203]
Bongoboard |_Wheel Mass M kg 6.28 (0, 420.4918] (0, o) (0, 42.4161] (0, 43.6723]
Wheel MOI T kg-m? 0.035 (0, 4.1734 (0, o0) (0, 0.3928] (0, 0.4054]
Board Mass m kg 2 (0, 4.4538 (0, 9.4737 (0, 13.8347] (0, 11.6275]
Board MOI T, kg-m? 0.1067 (0, 7.9182 (0, 4.0927 (0, 1.6884] (0, 1.7221]
Seesaw Board Mass mp kg 2 (0, o0) N/A N/A (0, c0)
Board MOI T, kg-m? 0.1067 (0, c0) N/A N/A (0, o)
Wheel Radius T m 0.1 [0.0710, 30.5383] N/A N/A [0.0840, 1.4462]
Curved Floor | Board Mass ™y kg 2 (0, 18873.7852] N/A N/A (0, 836.7009]
Board MOI I kg-m? 0.1067 (0, ) N/A N/A (0, )

environment information is not essential for successfully stabilizing6] C. E. Bauby and A. D. Kuo, “Active control of lateral baleein human
the models considered in this paper. This paper also presented Walking,” Journal of Biomechanics, vol. 33, no. 11, pp. 1433-1440,

an optimization to derive robust output feedback controllers an ' B I L ) ) N
. . N . 1 A. D. Kuo, “Stabilization of lateral motion in passive dgmic walking,
compared their performance with similarly derived robust LQR" || journal of Robotics Research. vol. 18. no. 9 pp. 917-930, 1999.
controllers. When compared to the robust LQR controllers with full[g] P. Huber and R. Kleindl, “A case study on balance recoversgiacklin-
state feedback, the robust output feedback controllers have compa- ing,” in Proc. Int'l Conf. on Biomechanics in Sports, 2010. .
rable robustness to disturbances and significantly better robustndgk P- Paoletti and L. Mahadevan, *Balancing on tightroped alacklines,

. S . . J. R Soc. Interface, vol. 9, no. 74, pp. 2097-2108, 2012.
to modeling uncertainties. Hence, they form viable alternatives Hb] S.-H. Lee and A. Goswami. “Ground reaction force consiokach foot:

traditional full state feedback controllers. A momentum-based humanoid balance controller for non-levehand
stationary ground,” irProc. IEEE/RSJ Int’l Conf. on Intelligent Robots
VIIl. FUTURE WORK and Systems, 2010, pp. 3157-3162.

) [11] ——, “A momentum-based balance controller for humanoid telm
As part of future work, the derived robust output feedback con- * non-level and non-stationary groundyitonomous Robots, vol. 33, no. 4,

trollers need to be experimentally validated. In this work, the outputs pp. 399-414, 2012. _
needed to stabilize the system were hand-picked using the designé#$ Y- Zheng and K. Yamane, “Ball walker: a case study of hunignobot

N . . . locomotion in non-stationary environments,” Rroc. |EEE Int'l Conf.
intuition. Automatic approaches to determine these outputs is an on Robotics and Automation, 2011, pp. 2021-2028.

interesting future direction to explore. The motion capture data pf3] — “Optimization and control of cyclic biped locomotiam a rolling
humans balancing in dynamic, unstable environments like seesaw and ball,” in Proc. |EEE Int’l Conf. on Humanoid Robots, 2011, pp. 752—759.
bongoboards can be potentially used to obtain these outputs. Givd#4 S. O. Anderson, J. K. Hodgins, and C. G. Atkeson, "Apjimtede policy

dynamic environment, proving the existence or non-existence of a set transfer applied to simulated bongo board balanceprioc. |EEE Int'l
- . Conf. on Humanoid Robots, 2007, pp. 490-495.
of outputs that make the system output feedback stabilizable remaii§ s o. Anderson and J. K. Hodgins, “Adaptive torque-basentrol of a
an open research problem. humanoid robot on an unstable platform,”fnoc. IEEE Int'| Conf. on
This paper demonstrated that direct feedback of environment Humanoid Robots, 2010, pp. 511-517.
information is not essential for successfully stabilizing the simpl@€l A. Trofino-Neto, “Stabilization via static output feleack,” |EEE Trans.

. . . . . S on Automatic Control, vol. 38, no. 5, pp. 764-765, 1993.
planar bipedal models considered in this paper. However, its valid %] A. A. Pimpalkhare and B, Bandyopagﬁyay, “Comments on ‘liztion

remains to be proved in general. The dynamic models considered in" via static output feedback”JEEE Trans. on Automatic Control, vol. 39,
this paper assumed that the robot’s feet were rigidly attached to the no. 5, p. 1148, 1994.

board. The models can be modified to include contact forces at {A8] V. L. Syrmos, C. T. Abdallah, P. Dorato, and K. Grigorigdi'Static
feet, and constraints on these contact forces need to be considered in 2UtPut feedback - a surveyAutomatica, vol. 33, no. 2, pp. 125-137,

. 1997.
the output feedback control design. [19] J. Yu, “A convergent algorithm for computing stabiligirstatic output

feedback gains,JEEE Trans. on Automatic Control, vol. 49, no. 12, pp.
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